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The problem of the concentration of elastic stresses in an unbounded elastic medium containing a semi-infinite cylindrical crack
is solved using the method of discontinuous solutions. The method enables the problem to be reduced to a one-dimensional
integrodifferential equation in the unknown jump in displacements in Laplace transform space. The solution of the equation
obtained is based on the combined use of orthogonal functions and time sampling of the equation, which leads to an infinite
system of linear algebraic equations. As a result, a wave field disturbed by a crack is constructed, and a formula is obtained for
calculating the stress intensity factor. The wave field is analysed numerically, and a graph of the stress intensity factor as a function
of time is plotted. © 2001 Elsevier Science Ltd. All rights reserved.

The range of application of the spectral relationship obtained earlier [1] for Chebyshev-Laguerre
polynomials to non-stationary problems of fracture mechanics is widening. An example of the use of
this relationship to construct an accurate solution for one such problem has been given, and the
effectiveness of using it to construct an approximate asymptotic solution for more complex problems
of fracture mechanics has been painted out [1]. However, the method proposed in [1] is only suitable
for those fracture mechanics problems in which the solving integrodifferential equation, written in
Laplace transforms, contains a prescribed right-hand part that can be expanded in inverse powers of
the Laplace transformation parameter. However, in many problems, the latter does not occur. A problem
of this type is the determination of the stress intensity factor at the edge of a semi-infinite crack in an
unbounded elastic medium loaded at the origin of coordinates with a shock centre of rotation.

The solution of this problem required considerable modification of the method used in [1], which is
set out below. A different method was proposed for solving non-stationary problems of mechanics in
[2, 3]. Using a method [4] proposed for the related static problem, it would be possible to obtain, for
Laplace transforms of the functions sought, an accurate solution in the form of quadratures containing
infinite derivatives. However, the numerical realization of such a solution, even at this stage, is far from
a simple problem; it becomes even more complicated if an attempt is made to change from the Laplace
transform to the originals.

1. FORMULATION OF THE PROBLEM AND ITS REDUCTION TO A
ONE-DIMENSIONAL INTEGRODIFFERENTIAL EQUATION

An unbounded elastic medium (0 < r < oo, - < Q< 7, —0 < z < o0 ) with shear modulus G and Poisson’s
ratio {4, containing a semi-infinite crack, the surface of which is described by the relations

r=R, -M<@Q<W, a<z<o (1.1)
is subject to the shock action of a centre of rotation at the origin of coordinates with a moment

M(t) = MH(t), where H(t) is the Heaviside unit function. The sides of the crack r = R - 0 and
r = R + 0 are considered to be stress-free

To(R20,2,1)=7,(R10,2,1)=0 (1.2)

It is required to determine the stress state and wave fields under zero initial conditions.
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The displacement u(r, z, t) = u(r, z, t) satisfies the equation [5]

Pu it u Fu_ 13 oG y
arr ror r* 9% * o’ P (1.3)
and the stress T,, = T, is expressed by the formula
To(r 2.0 = Glu'(r.2,0) — r™'u(r, 2,1 (1.4)
Here and below, a prime denotes a derivative with respect to the variable r.
The displacement and stress fields are written in the form
u=u’+u', 1,=104+1, (1.5)

where u’ and 1° are the dlsplacements and stresses caused by the centre of rotation when there is no
crack in the elastic medium, and u' and 1! are the required disturbed displacement and stress fields
caused by the presence of the crack (1.1). Taking (1.5) into account, we will write the condition at the
crack (1.2) in the form

T:p(R¢0,Z,t)=—‘tg(R,z,t) (1.6)
The disturbed field 4’ is constructed in the form of the discontinuous solution of Eq. (1.3) for defect

(1.1) [6]. To construct it, integral Laplace and Fourier transformations are used successively in accordance
with the classical scheme

u'p(r,z) ={ e Pu'(r,z,0)dt, u:ﬁ(r) = [ e™u l(r, 2)dz
0 Ze
and then an integral Hankel transformation with respect to r
“Lm = !) rl, (ar)u;k(r)dr

in accordance with the generalized scheme [6].
After inverting the Hankel and Fourier transformations, the Laplace transform of the required
discontinuous solution is obtained in the form

u'p(r,z)=T <u;,'(R, e;))_f e 0G , (r, RydAdL -

T (RO)T ™02 G Rhag (1.7)

a

where
(up(RD)) = up(R-0,0)~ up(R+0,0)
(up (RG)=uh (R-0,8) - u) (R+0,0) (1.8)

LN+ p2YK (RYN + p2), r<R

G,(r,R)=
er LRYA? + p)K (r N + p?), r>R

The jump in the derivative of the required function in (1.7) can be eliminated by using (1.4) and (1.6).
As a result we will have

(uy (R.2)) = (u,(R.2)) (1.9)
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The use of this equality enables us not only to eliminate the jump in the derivative of the required
function but also to confine ourselves to satisfying condition (1.6) on only one of the sides of the crack,
for example with R — 0. As a result, we arrive at the integrodifferential equation

2 oo
('&%wz)f X @k, (2= Ol =g (R.2), 0<z<eo (110)

Here

X () = {up(R.0))

k,(z-8)=] cosk(z —OL A + pP Ky (YA + p?)dh, (1.11)
0 ___M_ 2 R(r+zpc-pc+3)
e =2 +z2)/ XppeCir’ +27 = R) p(p-pXp-Py)
ug exp(- pc(Vr +2z —R))( P pe-3)
2t +2 )y p(p-pXp-ps)

where p; = (13/2)(i - \3)c, p; = <(: 3/2)(i + \3)c. Expressions for r?,q, and ug were obtained earlier [7].

2

A
THE INTEGR

We introduce the variables

D OF SOLVI G

Y il
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o
FF

z=a+xR, £E=a+nR

into (1.10).

The irregular part of the kernel is separated out as follows. The range of integration is divided into
two sections: (0, «) = (0, 4) + (4, ), where A is a fairly large positive number, and in the second
section, instead of the derivative of cylindrical functions, the principal term of their asymptotic
representation for large values of the argument is selected. The subsequent use of formula 7.12(27)
from [4] of the integral representation of the MacDonald function Kiy(x) enables the required
representation to be obtained.

k,(x =) = Ko(pR(x - ) + R, (R(x =) 2.1)

where the regular part of the nucleus has the form

R,(R(x~m)) =
A
=[ cosAR(z -~ n){/2 WAL+ 2K\ + p )-—f_z—.'—_-_— d\ (2.2)
0 VA +p
Then, Eq. (1.10) takes the form
2 o0
[—fx—z+ pzj g X (@ + MR Ko(PR(x =)+ R, (R(x - M)}dn = ~T00 (R.a + xR) (2.3)

Temporarily assuming the parameter p to be positive, we make the replaccment
pxR=& pRn=0 (2.4)
in (2.3).
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As a result, we arrive at the equation

(1 -7‘1;7):]: px,,(a+op")(l<o(|§-c|)+ Rp(lg-c\p"))do=

= -0, (Ra+&p™) (2.5)

In order to apply to Eq. (2.5) the convolution theorem for an integral Laplace transformation, the
function

®(o,)=L"(pX (a+op™") (2.6)
is introduced, where L' is the operator of the inverse Laplace transformation. Then
L'[pX ,(a+0p™ Ko (€ - o)l = D(0,0Ko (€ - o)) .7)
and, after applying the convolution theorem, we have
LMpX (a+0p ™R, (E-op™)=
= L'[p*X (a+op ™ R, (& -ohp™)p' 1=

= i 9%(c. ™) Z(g - ol t-vydr (2.8)
0 at
where
20D — X,k op™]
Z(g-olt-1=L"[R,(E-0lp™)p7'}= (2.9)

A 1
=[ LM cosME-olp™)p~! I,(JA2 + pP K, (YA2 + p?) - ey
{ [COS -olp™)p 2\/ P 2\/ p W

In the second relation of (2.9), the convolution theorem is again used taking into account the fact
that the originals are found by means of formulae 5.8(2), 5.1(5) and 5.3(35) from [9]:

. (cos(k|E, - oip‘l )p") = ber(Zw/Mé - 0’|'\/t_)

1:'(12 WA + P2 )K, (A + p? )) =
r/2
L"( [ Ko@yA* + p? cosx)cos2dex =
0

r/2 t
f ( ) -Af ! J,(M)du]cos 2xdx = Q(\, 1)

0 \/tz—coszx 0 tz-coszx—-u2

1
L —— = Jy(\)
[Wﬂ’z] ’

Finally, instead of the second relation of (2.9), we have

Z(g-oly= ﬁ ber (2Jx|&_. ~alt )(Q(M - 1) - Jo(Mt - T))dAdt (2.10)
00
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Then, in (2.8), integration by parts is carried out, after which, using relations (2.7) and (2.8),
Eq. (2.5) in the space of originals can be written in the form

2 Yoo
(1 —;?J | ®(c.0K, (& - o))do +

+(I—§§—f)” ®(o, )LAE - o1 - ‘t)d‘tdo’—-‘tv(f;t) asf<e, 0<t<o (2.11)
Z(lc—-olt -1
L(lg_o-Lt_t):__qg%__l

An approximate solution of integrodifferential equation (2.11) is constructed by combining the method
of orthogonal polynomials [6] and time sampling. The latter means that the time interval [0, T'], in which
the stress state of the elastic medium is investigated, is divided into intervals [t;, t;41] with a step
h =T/N; v = kT/N (k = 1, 2, ..., N), while the integral with respect to the variable 1 is replaced by
Simpson’s quadrature formula

d2 oo
(1 _;1?) [ @,(0)Ko(lg - opdo +

N o0
+ [I——]Z Ac] ®©O)L(s—0lt, ~T1)d0 = ~T3(Q). n=12....N (2.12)
k=l 0

where ®,(0) = O(o, 1;), and A, are the coefficients of Simpson’s quadrature formula.
To construct the approximate solution of system of equations (2.12), the method of orthogonal
polynomials can be used. Here it is necessary to employ the eigenvalue relation [1]

2 oo
(1 -5&—2) [ e°o L 200Ky (E - c])do_ ‘/E ( +-§-)e‘§l,?(2§)
0sf<sw, n=012,..

where Li,/z(z) are Chebyshev-Laguerre polynomials. According to the procedure of this method, the
solution of system of equations (2.12) is constructed in the form

®,(0)= ,% Joe° L 20)aim 2.13)
after which system (2.12) is reduced to a series (n = 1, 2, ..., N) of infinite systems of linear algebraic
equations

YoM kzlA ZOCD‘ By, =F", 1=0,12,...; n=12,..,N (2.14)
where

=D, g, =TT JEettfbaanGe L oty - pdods

A = -] JEe S LN, E)de
0
Thus, to determine CD(,”, we obtain the system
o - Z @B, =F'\ 1=0,12,.. (2.15)

Using the values of tb( ) found from system (2.15), the subsequent values @ (I>(13), ... are determined
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from the recurrence relation
i oo ) g -
no' - ¥ o8, =F’-3 A T O¥B,, 1=012,..; j=23..,N
m=0 k=1 m=0

Thus, for the specific value d>(,i) = @,/ =0, 1,...) we obtain an infinite system of linear algebraic
equations of the form (2.15). To prove the convergence of each such system and the ability to use the
reduction method, it is necessary to prove the convergence of the series

Q= i i IBmllz’ o= i lf/y2
=0 m=0 =0

2 1 oo
=] Y@t Bk
0
For the proof, formula 1.14.3(8) from [10] will be necessary:

X
[ 1% LF (D =%x°‘+le_xL‘:+|' (x)
0
We introduce the notation
B2 = | h(oWxe ™ L (x)dx
0

Integrating by parts in this relationship we obtain

h,% =—~'1—1-°f -a—lzg;t—),\t%e_"rLi/z_l(Jc)d,\:=—h:/fl(n)'l (2.16)
0

We will prove the convergence of the series Q5. Taking formula (2.16) into account, we have
! 1T ., Y o_E, 13
1= ] reete s @k = -2 4
0

Then Parseval’s equality for the series will have the form

o0

>

k=0

1%

2 o0
(N%)‘l =f \/;e"lF'(x)|2dx
0

The integral on the right-hand side exists and is finite by virtue of formulae (1.11), which defines the function F(x).
This means that the series on the left-hand side also converges.
To prove the convergence of the series (), we represent it in the form of two series

0=0+0. 0’ =3 [Bol", 0= X X By
1=0 j=01=0
where

By =[] berte\fE—o)Ee S Lt Eoe O dods = | Voo g (o)do
00 0

t Aod _E L} 1 3
g,/z(o) = [ ber(cy|g -0 )\/Ee §L1/2(§)d§ = —Yg’é' (0)
0
(relation (2.16) was taken into account). Then, Parseval’s equality will have the form

o000 aber<c,/|§-o|)
I

2
gf/z(o)l do
00

2
g4 It (B)dido= 3 (N |
1=0 0

N, = r(%+1)[1!(5+1)r‘
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‘Using the Cauchy inequality, we obtain the limit
2 oo
|Boi| s l (G)I do

Thus, the senes QY converges. To prove the convergence of the series Q}, we use the fact that, according to formula
(2.16), d; i-1,1/(2lj), and we assume thatj = k + 1 in the expression for series ol

3. THE CRACK-DISTURBED WAVE FIELD

The Laplace transform of the displacement, according to (1.7) and (1.8) and notation (1.11), has the
form

ry i d
u'p(r,z)=£ Xp(a+nR)(]) cosl(z—n)[GpA(r,R)—a—R pl(’vR):IdMn 3.1

Izl <oo, 0 S r<oo

Before transferring to the original, (2.4) is substituted into relation (3.1), and then (in order to obtain
function (2.6) before using the convolution theorem), the integrand is multiplied and divided by p. As
a result, the required wave field takes the form

ul(r,z,n= I£ oo, 0L (cos Mz - Op"R)P'z(pr(r, R)- 5% Gu(n R)))N‘C (3.2)
To calculate the originals in (3.2), tabulated values 5.8(8) from [3] are used:
L' (coshMz-opHp?)= cos(kz - 345)(% «/E)_l Vi ben(«/-?;«/;)+

+sin(xz-3—:-)(y2%)"«/?beq(m«/?)sx,(z,x.:) (3.3)
LYGpu(r. R) =
= o, (), (ar2n(vA2 + o) H Vil (W +a?ndocs X,(r, R

0

Taking into account that Ji,(x) = (2/(tx)) "2 sin x, and using the integral representation for the Bessel
functions ([8], formula 7. 14 2(61))

o r— Re'

n
20, (0R)J, (0r) = - j e T Jp(0w)dd, 0= Vr? + R* —2rRcos®

we obtain

I -i0
Xz(r,R,X.t)=L"(ka(r,R))=%je'° = ':;,9 J cos(l\/t —w?)dd
- e -

Here, we have used the value of the tabulated integral ([8], formula 2.12.23(8)).
Finally, a formula is obtained for carrying out calculations

W(r,z,n = [ ®(c,DIM(r.R 2, A1 -1) —%M(r, R,z,A,t - 1)ldtd\
00

t
M(r,R.z,At)=| X,(z,A1=T)* X,(r, R, A, T)dT
0
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The time-dependence of the displacements at fixed points for different distances a from the centre
of rotation to the plane passing through the edge of the crack was calculated.

For example, for @ = R, the results obtained are shown in Figs 1--3, which illustrate the nature of the
change with time of the displacements when there is a crack (the continuous curves) or when there is
no crack (the dashed lines) in the medium. Graphs of the displacement of the point with the coordinate
z = R/2 (Fig. 1), z = R (Fig. 2) and z = 3R/2 (Fig. 3) as a function of time ¢ are shown. The left-hand
parts of the figures (a) correspond to points at which » = 0, and the right-hand parts (b) to points at
which r = 2R. It can be seen that, for points no further than the edge of the crack from the centre of
rotation, the first peak of the displacement is observed at the same time, irrespective of whether a crack
is present or not, but when there is a crack, the maximum values of the displacements are reached later.
The coincidence of the values of the displacements at a certain initial instant of time (irrespective of
whether a crack is present or not) is due to the influence of the crack still not being felt because of the
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fact that the disturbances have not yet reached it. The subsequent appearance of peaks in the values
of the displacements in Figs 1 and 2 is due to the fact that the crack begins partially to screen the
disturbances created by the centre of rotation. This may explain why, when the point of observation is
located further away than the edge of the crack (Fig. 3), the peak in the values of the displacements
when a crack is present occurs earlier than when there is no crack.

For these points, graphs of the change in the stresses as a function of time were also plotted, the structure
of which is similar, and are therefore not given here. To investigate the dependence of the wave fields on
the distance of the centre of rotation to the edge of the crack, similar graphs were plotted for a = 2R.
Since the above properties of the wave field were retained here (only the peaks in the values of the
displacements are observed later in time and their values are lower), these graphs again are not given here.

4. DERIVATION OF A FORMULA FOR THE STRESS INTENSITY FACTOR
In the accepted n otation of fracture mechanics, we have a formula for the stress intensity factor (SIF)
which, in Laplace transforms, can be written as follows:

2y 222

Taking into account the substitution z = a + xR and substitution (2.4), this formula becomes
. -1 -l
Kp, =2n gIer_lo‘l:(‘,(R,a+§p )J|§|p (4.1)

By inverting (4.1), we obtain an expression for the SIF which, taking into account the time sampling
above, we will write in the form

N
K!n!! = K!!!(tn):‘/iélin:‘o Z Bjtg(gatli)(tn —Tj)%\'/!—f.,—!, n=l,2,...,N (4.2)
- j=1
where

i ( d2 Tn
(&) =| 1 -— || ®;(0)K, (s - o)da+
U dg” o
d?

{ o
l"i"JZ AJ @O0l 7)o+ Thy(@), j=12..N (43)

We will calculate the limit in (4.2). The last two terms in (4.3) will make no contribution to the SIF
by virtue of formulae (1.11) and (2.11). In the first term in (4.3), series (2.13) is substituted under the

inteoral sion. We obtain
ntegrail sign. we optain

[<, -G

,: nVH I—‘—d—;; E‘VU_ X
! L 0 k=0
/

Mz

Kpy =
1=y
é—' j

L"(26)¢"’K0(|§ 0‘|)d0’(t —‘tj)}Z (4.4)

“TULTED ey, g<0, 7@ = 7——-¥dr
Jjin 0
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Finally, after substituting this result in (4.4), we obtain

2 ¥ i+3 -
Ky (1)) = ;21 Bj*r(j;—'é)(t,,—tj)%kzoq,gn
= : =

The coefficients (D(kj) are determined from system (2.14).

Figure 4 shows graphs of the time-dependence of the SIF for different values of a/R.
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